We present a novel method for the efficient generation of even, odd, and helical Mathieu-Gauss beams of arbitrary order and ellipticity by means of a phase-only spatial light modulator (SLM). Our method consists of displaying the phase of the desired beam in the SLM; the reconstructed field is obtained on-axis following a spatial filtering process with an annular aperture. The propagation invariance and topological properties of the generated beams are investigated numerically and experimentally.
Introduction
Propagation invariant optical fields (PIOFs) are solutions of the wave equation in cylindrical coordinate systems with different geometries in the transverse plane; their name is owed to the fact that their transverse intensity profile is independent of the axial propagation coordinate z. There are four families of PIOFs; each one of them constitutes a complete orthogonal basis in terms of which any arbitrary light beam can be expanded. The best-known member of these families is the plane wave and, in the context of PIOFs, some particular combinations thereof whose transverse intensity profiles form stationary waves along the x and/or the y directions, such as fcos k t x; cos k t yg. On the other hand, Bessel beams correspond to the case of circular cylindrical geometry and were introduced in 1987 by Durnin et al. [1] . Mathieu beams, brought in by GutierrezVega et al. [2] in 2001, are associated with elliptic transverse geometry, but in fact, they can also be associated with hyperbolic geometry, since the elliptical cylindrical coordinate system is formed by orthogonal families of confocal elliptic and hyperbolic cylinders that intersect each other [3] . Finally, parabolic PIOFs were introduced in 2004 by the latter group [4] . There are also different vector families of PIOFs, which satisfy the vector wave equation [5, 6] . PIOFs share several properties, for example, their wave vectors lie on the surface of a cone with axial and transverse components denoted here by k z and k t , respectively [7] . In consequence, the Fourier spectrum of any PIOF is constituted by a single ring of radius k t in the frequency domain; the amplitude and phase modulation around this ring defines each particular PIOF [2, 4] . Another characteristic shared by all the PIOFs is that they, in principle, carry infinite energy just as is commonly accepted with the plane wave, and therefore, ideal PIOFs are not realizable in the laboratory. In this context, finite versions of the ideal PIOFs known as Bessel-Gauss beams in the case of circular geometry [8] , and more recently designated as Helmholtz-Gauss waves in general, have been studied [9] . In this paper, we focus our attention on Mathieu-Gauss beams, which are also a special case of the so-called elliptical beams [10] .
Mathieu beams and Mathieu-Gauss (MG) beams have been the focus of considerable attention in the last few years because their topological properties depend on the interfocal distance 2f . This parameter provides elliptic light beams with richness that their circular and rectangular counterparts do not possess. In the limit when f ¼ 0, one recovers the case of circular geometry and Mathieu beams transform into Bessel beams. The tailoring of topological properties of Mathieu beams has found relevant applications in nonlinear optics. For instance, it has been found that a variation of f from 0 to ∞ can be used for shaping solitons in Mathieu lattices of the lowest order [11] .
In circular geometry, the even and odd solutions of the wave equation, J m ðk t ρÞ cos mφ and J m ðk t ρÞ sin mφ, respectively, are degenerate with respect to the eigenvalue m. This allows a straightforward construction of complex superpositions that give rise to rotating modes called optical vortices, with azimuthal phase dependence of the form fexpðAEimφÞg, where the eigenvalue m is known as the topological charge of the vortex. Optical vortices are highly relevant in optics, not only due to their topological properties, as they exhibit a screw-type singularity [12] , but also due to their dynamical properties. They possess a well-defined orbital angular momentum [13, 14] . Both characteristics have led to a great number of applications [15] [16] [17] [18] [19] [20] . In elliptic coordinates, in contrast, the eigenvalues of even and odd solutions of the wave equation are different; the larger the interfocal distance f , the more the eigenvalues differ from one another. Nevertheless, complex superpositions of even and odd Mathieu beams that are analogous to Bessel vortices have been proposed for generating what has been called elliptic vortices [21] or helical Mathieu (HM) beams, which have been used, for instance, for rotating microscopic particles [22] . In nonlinear optics, theoretical predictions show that HM lattices support stable solitons that may either oscillate or rotate around an elliptical ring of the lattice as they propagate, provided the launched field initially possesses a transverse linear momentum component tangent to the lattice ring [23] . Elliptic vortices may be supported as well in HM lattices whenever the energy flow exceeds certain minimum value, in contrast with circular vortices [24] . Recently, the dynamical effects of vector Mathieu beams on cold atoms trapped in a far-off resonance optical trap were investigated [25] . In that case, the Mathieu modes were characterized by a single eigenvalue, which allowed the identification of a new dynamical constant associated with elliptical symmetry, analogous to the orbital angular momentum in circular geometry.
In spite of the increasing attention that Mathieu and MG beams have recently received in connection with new proposed applications, there are just few reports on the experimental generation of these kinds of beams [26] [27] [28] . The first experimental demonstration was limited to the lowest order Mathieu beam [26] . The second approach was based on phaseonly computer generated holograms (CGH), for which the produced MG beams of arbitrary order and ellipticity are reconstructed off-axis, giving rise to a relatively low efficiency [27] . Finally, all the families of Helmholtz-Gauss beams, including MG modes, were generated experimentally by means of Fourier CGHs, which are computed as the interference pattern between the interest field and an inclined plane wave [28] . The latter approach produces good quality beams, but the efficiency is lower than that obtained with the phase holograms.
In this article, we present a versatile method for the generation of Mathieu-Gauss beams of arbitrary order and ellipticity by using a phase spatial light modulator (SLM). Our code is simple and more efficient than its predecessors, since the structured light beams are generated on-axis. It consists in displaying the phase of the desired beam in the SLM and making a spatial filtering process with an annular aperture. In Section 2, we present a numerical analysis of our system for the generation of even, odd, and helical MG modes. The experimental setup and results are discussed in Section 3, including a characterization of the propagation and topological properties of the generated light fields. Section 4 is dedicated to the conclusions.
Numerical Analysis
The generation of Bessel beams (BBs) by means of digital holography was accomplished shortly after these optical fields were introduced [29] . Similar encoding techniques were implemented some years later using spatial light modulators [30] , with the significant advantage offered by the dynamical reconfiguration. However, in most of these methods the encoded fields are reconstructed off-axis, which gives rise to relatively low efficiencies. Very recently, a new encoding technique was introduced for generating BBs with a phase-only SLM, which dramatically improves the output power efficiency [31, 32] . Here we follow the same method: the phase of the ideal nondiffracting beam of interest is displayed on the SLM and the field is reconstructed on-axis. As we illuminate the SLM with a fundamental Gaussian beam, the resulting field is a MathieuGauss beam.
The phase masks we displayed for the generation of even, odd, and helical Mathieu beams of order r can be expressed, respectively, as 
We have followed here the notation used in Ref. [2] , where ce r ðv; qÞ and se r ðv; qÞ represent the even and odd ordinary Mathieu functions, also known as elliptic cosine and sine, respectively, while Je r ðu; qÞ and Jo r ðu; qÞ denote the even and odd modified Mathieu functions. The ellipticity parameter is defined as q ¼ f 2 k 2 t =4, and the elliptic transverse coordinates ðu; vÞ are related with the Cartesian coordinates ðx; yÞ by means of the transformation x ¼ f cosh u cos v; y ¼ f sinh u sin v. In Eqs. (1) and (2), sgnf⋅g represents the binary signum function. Its two possible values are mapped to phase values of 0 and π in our SLM display. The coefficients A r ðqÞ and B r ðqÞ in Eq. (3) are defined according to Ref. [21] . In our numerical analysis, we multiply each of the above functions by a Gaussian amplitude of radius w 0
In both cases, the transverse spatial frequency is k t ¼ 10 mm −1 . In each of the figures, we show the transverse optical field at different planes z (a-e), the phase mask (f), and the resulting field along the propagation axis (g). The axial distance z has been scaled respect to the focal length f L and the transverse coordinates ðx; yÞ with respect to the beam waist w 0 . In order to facilitate the visualization of the Fourier spectrum (FS)
cases consists of a main ring in which most of the energy is concentrated and has additional surrounding structure of much lower energy. The radius and width of the annular filter at the Fourier plane were set in order to allow the transmission of the light from the main ring, while blocking the rest. It has been demonstrated that the FS of any Helmholtz-Gauss beam is constituted by a single ring whose mean radius in the frequency domain is k t , which is associated with the FS of the corresponding ideal PIOF, and whose width is associated with the Gaussian envelope [9] . Accordingly, we have set the radius and width of the annular filter as R ¼ k t λf L =2π and ΔR ¼ 2λf L =w 0 π, respectively.
The generated MG beams are approximations to ideal Mathieu nondiffracting beams within a certain region of space, since their transverse intensity profiles remain approximately unaltered along this region. The propagation invariance distance is directly proportional to the radius of the Gaussian envelope [9, 32] . In the case of helical MG beams, there is an additional effect arising from the finite size of the Gaussian modulation. Consider, for example, the helical MG beam shown in Fig. 2(d) , whose transverse intensity distribution has a set of r ¼ 6 vortices with unit topological charge lined up along the major axis of the ellipse [21] . From a comparison with Figs. 2(c) and 2(e), it can be seen that the line of vortices exhibits a slight rotation on propagation. This behavior was predicted and observed for corotating vortices nested in a Gaussian beam [33] , and it has been also observed in the specific case of helical MG beams [27] . Ideal nondiffracting Mathieu beams would not exhibit this rotation. Therefore, this effect can be minimized by enlarging the Gaussian envelope.
The output power efficiency of the optical fields generated with the proposed phase masks, calculated as the ratio of the power remaining after the annular filter to the incident power, can be as high as ∼80%, but it depends on the involved parameters. Specifically, the efficiency decreases as a function of the ellipticity parameter q, for instance, for r ¼ 3, k t ¼ 10 mm −1 and w 0 ¼ 2:35 mm, it drops from 76% when q ¼ 1 to 63% when q ¼ 80. Regarding the beam order r, we found that the efficiency can drop from 77% to 28% for r ¼ 5 and r ¼ 20, respectively, for q ¼ 20, k t ¼ 10 mm −1 and w 0 ¼ 2:35 mm. We also found that the efficiency depends strongly on the beam waist of the Gaussian envelope w 0 . As an example, it drops from 77% when w 0 ¼ 2:35 mm down to 30% when w 0 is five times larger. According to this last result, we infer that the light diffracted from the central region of the mask has a more important contribution to the main ring of the FS than the light coming from the outer region. Finally, we found that k t does not have an important effect on the efficiency, although this is an important parameter in terms of the pixel structure of an SLM. A larger value for k t implies smaller details to be resolved with the SLM.
It is worth pointing out that our numerical analysis is based on ideal conditions, while in practice, there are several effects that may considerably deteriorate the efficiency and performance of the phase masks displayed in the SLM. For instance, the partial specular reflection at the front surface of the SLM contributes with unmodulated light traveling on-axis, and there is an additional widespread diffraction pattern associated with the pixel structure of the SLM. Both of these contributions are ruled out by means of the spatial filtering process, but they may decrease the efficiency by approximately 8% to 15%. Furthermore, another issue that can significantly affect the quality of the generated field is a curvature exhibited by many SLM chips, which sometimes demands a correction of the phase masks. This fact may become more important if the transverse size of the generated beams is reduced down to characteristic dimensions on the order of microns. In our experiments, the transverse size of the generated fields was relatively large; we did not note any distortion due to a curvature of the SLM chip.
Experiment and Results
In this work, we use a reflection spatial phase modulator (Holoeye LC-R-2500). The experimental setup for the generation of Mathieu beams corresponds to a conventional 4f spatial filtering system (Fig. 3) . A continuous wave linearly polarized laser beam (wavelength, 532 nm) passes through a half-wave plate (HWP) and impinges on the SLM with an angle of approximately π=15, the minimum allowed by our optical mounts. The fast axis of the HWP and the transmission axis of a linear polarizer P, placed after the SLM, are oriented in such way that the performance of the SLM is optimized. In our case, the lenses L1 and L2 have focal lengths of 25 cm and, as discussed above, the spatial filtering is performed by means of an annular aperture.
In Fig. 4 , we present examples of the experimental results for different MG beams (left column) and their corresponding Fourier spectra at the far field (right column). From top to bottom, the images correspond to even, odd, and helical MG beams with r ¼ 6 and q ¼ 12. Figure 5 shows two sets of images illustrating the propagation invariance for two examples of the generated light beams. Specifically, the left column corresponds to an even MG beam with r ¼ 3 and q ¼ 12, while the right column illustrate the case of an odd MG mode of order r ¼ 16 and q ¼ 18. The transverse plane with the best field reconstruction is the back focal plane of the second lens, which was set here as z ¼ 0. The waist of the incident beam was relatively small: w 0 ¼ 2:35 mm, giving rise to a correspondingly short propagation invariance distance of approximately 50 cm.
In order to characterize the topological properties of the helical MG beams, we used two different methods: direct interference with a plane wave, and the knife-edge probe [34] , illustrated in Figs. 6 and 7, respectively. In Fig. 6 , we analyzed two cases of helical MG beams: (a)-(d) r ¼ 6 and q ¼ 18 and (e)-(h) r ¼ 3 and q ¼ 12. The left column corresponds to simulations and the right column, to experimental results. A number of two-pronged fork-like patterns can be clearly identified along the focal line of each of the two beams. Each two-pronged fork is the fingerprint of the interference between a single-charged vortex and a plane wave [33] . In this way, we can see that each of the two helical MG beams has a set of r individual single-charged vortices. The sets of forks are inverted in (c)-(d) with respect to (g)-(h), because the two beams we are characterizing rotate in opposite directions, which means that the corresponding phase masks have opposite signs in the phase term of Eq. (3). In addition, there is a π-phase shift between consecutive rings of the beam, which can be noted from the shift of the interference fringes. Finally, Fig. 7 illustrates the results of the knife-edge probe for a helical MG beam with r ¼ 6 and q ¼ 12. Figure 7 (a) is a simulation showing the knife edge obstructing the beam at the back focal plane of the second lens. In Fig. 7(b) , we show simulations (left) and experimental images (right) when the CCD camera is placed at a distance of 10 cm from the knife edge. The top and bottom rows correspond to helical beams rotating in opposite directions. It is seen that the diffraction pattern spreads asymmetrically in both cases, but the asymmetry is opposite. This is an indicative of the rotating energy flux in the case of beams with a helical phase [34] .
Conclusions
We have proposed a simple and efficient experimental scheme for generating Mathieu-Gauss beams of arbitrary order and ellipticity using a spatial light modulator. Our scheme is based on the display of phase masks in the SLM, which correspond to the phase of the ideal Mathieu beams. The generated fields are filtered by means of an annular aperture whose dimensions (radius and width) are determined by the calculated Fourier spectrum of the light beam of interest. We verified that the resultant optical fields are propagation invariant over a distance, in our case of tens of centimeters, which is in agreement with the simulations, according to the size of the incident light beam. We also analyzed the phase behavior or topological properties of the different light fields by means of direct interference with a plane wave and also by determining the energy flux direction with the knife-edge test [34] . We offer, in this way, a simple tool for implementing new experiments involving Mathieu beams, such as the interesting systems studied recently from a theoretical perspective [11, [23] [24] [25] . The same method can be employed for the generation of other kinds of optical fields, such as parabolic nondiffracting beams [4] .
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